The Lagrangian representation of multi-Hamiltonian PDEs has been introduced by Y. Nutku and one of us (MVP). In this paper we focus on systems which are (at least) bi-Hamiltonian by a pair A 1 , A 2 , where A 1 is a hydrodynamic-type Hamiltonian operator. We prove that finding the Lagrangian representation is equivalent to finding a generalized vector field τ such that A 2 = L τ A 1 . We use this result in order to find the Lagrangian representation when A 2 is a homogeneous third-order Hamiltonian operator, although the method that we use can be applied to any other homogeneous Hamiltonian operator. As an example we provide the Lagrangian representation of a WDVV hydrodynamic-type system in 3 components.
Introduction
Integrable systems of nonlinear PDEs in 1 + 1 dimensions (or, equivalently, in 2 independent variables) have a particularly rich structure. Evolutionary systems of the form u
can be given one or more Hamiltonian formulation
δH α δu j , (no sum in α), i = 1, . . . , n (2) through one or more Hamiltonian operators A α . Here, α is an index running from 1 to M , H α are Hamiltonian densities and δ/δu j = (−1) |σ| ∂ σ ∂/∂u i σ are variational derivatives (σ is a multi-index). The requirement of A α being Hamiltonian amounts at A α being a formally skew-adjoint differential operator in total derivatives ∂ σ and [A α , A α ] = 0. The last operator is the Schouten bracket, see [5] for a definition. Hamiltonian operators map characteristic vectors of conservation laws into generating functions of (generalized) symmetries [5, 25] . By a classical result by F. Magri (see [5] and references therein), the integrability of the system (2) is ensured by the existence of at least 2 Hamiltonian operators that are compatible: [A 1 , A 2 ] = 0. This yields a sequence of commuting conserved quantities and symmetries and, eventually, leads to integration through the inverse scattering method.
An interesting feature of bi-Hamiltonian systems (M = 2) or multiHamiltonian systems (M > 2) was first pointed out in [24] . Suppose that the Hamiltonian operator A β is invertible. Then the operators R α β = A α A −1 β applied to eq. (2) yield, after potential substitution u i = ϕ i x , systems of PDEs which admit local Lagrangians in the new variables ϕ i . If all the operators A α are invertible there will be 2M − 1 new systems. This is the Lagrangian representation of the system (2) . It is clear that having the possibility to represent a system of PDEs and its hierarchy of symmetries by Lagrangian PDEs is mathematically interesting. This possibility was considered by several authors (see, e.g., [23] ), and was systematically linked to the multi-Hamiltonian property in [24] . Several examples have been considered so far: KdV, polytropic gas dynamics, Kaup-Boussinesq, Kaup-Broer, Boussinesq, NLS [24] .
In this paper we will consider evolutionary systems of PDEs which are at least bi-Hamiltonian by a pair of Hamiltonian operators A 1 , A 2 :
where for k = 0 we have the initial system of the hierarchy of commuting flows. We make the assumption that the first Hamiltonian operator A 1 is a first-order Dubrovin-Novikov homogeneous Hamiltonian operator
where g ij , b ij k are functions of the field variables (u h ) and homogeneity is meant with respect to the grading that assigns the degree 1 to ∂ x . Such operators are quite common among the bi-Hamiltonian systems. Moreover, they are easily invertible: in the non-degenerate case det(g ij ) = 0 there is always a transformationū i =ū i (u j ) such that A 1 = K ij ∂ x , where K ij is a constant symmetric matrix, hence A −1
x . Bi-Hamiltonian systems of the above type are known to have the following properties (besides admitting a Lagrangian representation).
They admit a nonlocal symplectic operator
. This operator becomes local after the above potential substitution, and the above system (3) can be rewritten as
The above equation is evidently Lagrangian; its Lagrangian representation is a Lagrangian for the above equation of the form
where h k+2 is the function that defines the Hamiltonian density H k+2 (which is a quantity that can be computed) and (L n ) is a vector function of ϕ i , ϕ i x , ϕ i xx , . . . , called the characteristic function of the Lagrangian representation, to be determined.
2. The second Hamiltonian operator is the Lie derivative of the first one:
where τ is a generalized vector field (see [5, Proposition 7.9] or, more generally [3, 15, 10] ). According with a modern terminology [10, 21] , A 2 is a trivial infinitesimal deformation of A 1 .
Clearly, the difficult part of finding the Lagrangian representation of the equation (10) is finding (L n ), as h k+2 can be found from the initial equation by bi-Hamiltonian recursion with usual methods. We stress that the Lagrangian representation is local, as there are topological obstructions in finding global Lagrangians, see the discussion below.
In this paper we will prove the following: Theorem. Finding the Lagrangian representation (12) of the integrable hierarchy (3) is equivalent to finding the generalized vector field τ such that
More precisely, we will prove that the vector function ψ = −(L n ) is nothing but a potential of the symplectic form B with respect to the differential e 1 of the variational sequence [2, 5, 25, 30] . Variational sequences have been introduced as the analogue of the de Rham sequence for the calculus of variations. Let us summarize the features of this topic that are relevant to this paper, see [2, 5, 25, 30] for much deeper insight. Variational sequences can be schematically represented by the sequence of differential operators
where D is the total divergence, E is the Euler-Lagrange operator, H is the Helmholtz operator any two consequent operations are identically zero. Variational 1-forms are covector-valued densities ψ which define systems of PDEs of the form ψ = 0. If H(ψ) = 0 then, locally, the system ψ = 0 is Lagrangian: locally there exists a Lagrangian density L such that E(L) = ψ, and L can be computed by the Volterra homotopy operator [2, 5, 25, 30] .
The spaces of variational k-forms (variational 0-forms are Lagrangians) form sheaves, and the variational sequence turns out to be a locally exact sequence of sheaves whose differentials are all denoted by e 1 . Then, a variational 2-form B is symplectic iff e 1 (B) = 0. If this is true, by local exactness there exists a variational 1-form ψ (which is in general only locally defined) such that H(ψ) = B. In the proof of the above Theorem it will be shown that τ = A 1 (ψ), therefore the Lagrangian representation will have the same local (or global) character as ψ. There are well-known topological obstructions to the global exactness of the variational sequence [2, 5, 25, 30] .
The above results hold in a differential-geometric setting, i.e. for C ∞ forms and vector fields, despite the fact that they have initially been introduced having polynomial categories in mind [5] .
With the above ideas in mind we found new nontrivial examples of Lagrangian representation, besides those that were discussed so far, in the class of bi-Hamiltonian systems where A 2 is a third-order homogeneous Hamiltonian operator. In this class the homotopy operator of the variational sequence allows us to choose a vector function (L n ) which is: 1 -homogeneous, since the homotopy operator preserves homogeneity, and 2 -dependent on third-order derivatives, since the homotopy operator preserves the order of derivatives.
However, we had to overcome an obstacle. We are forced to compute in flat coordinates of the first Hamiltonian operator A 1 , as this makes A 1 easily invertible. In these coordinates the coefficients of the homogeneous operator A 2 yield non-removable singularities in the homotopy operator. So, we had to develop a different method that, in principle, can be used with any homogeneous operator A 2 of arbitrary order. We proved the following:
Theorem. There exists a Lagrangian representation (6) where L n is a homogeneous polynomial of derivatives of degree 2 if and only if the integrability condition dT = 0 is fulfilled, where T is a three-form defined in (23) . In this case we have
where (u i ) are flat coordinates of g, G nm is the leading coefficient of the symplectic operator B, L nsm u s x u m x are n conservation law densities of the initial system of PDEs and R nm is a skew-symmetric tensor.
In our method we made a minimal order ansatz for the vector function (L n ): it can be a homogeneous polynomial of order not lower than 2. This simplifies computations at the cost of leading us to the integrability condition dT = 0.
The above results have been successfully used to compute the Lagrangian representation for the WDVV system of hydrodynamic type (30) for which the bi-Hamiltonian nature is known [11] . The procedure can be applied with equal ease to the bi-Hamiltonian systems [17, 18, 26] , thus providing a wide range of examples. In all the above cases the integrability condition is fulfilled and it is conjectured that the condition is a consequence of the fact that B is a symplectic operator. See the Conclusions for more details.
Symbolic computations were done in Reduce, a free Computer Algebra System, using the package CDE, developed by the author of this paper [31] . Interested readers are warmly invited to contact the author for question on any aspect of the computations or to get software and/or mathematical expressions of quantities that would be unpractical to include in the paper.
Lagrangian representation and triviality of A 2
In this section we will recall the construction of the Lagrangian representation of a bi-Hamiltonian system in the case when A 1 is a first-order Dubrovin-Novikov homogeneous Hamiltonian operator. Then we will show the relationship between the (local) existence of the Lagrangian representation and the (local) existence of a generalized vector field τ such that
Let us recall how the Lagrangian representation is defined in our framework. We work in flat coordinates (u i ) of A 1 , so that
x the integrable hierarchy (3) becomes
Then we take two copies of this integrable hierarchy (here
which leads to two series of recursive relationships
This means that the above equations are nothing but Euler-Lagrange equations
where B = (B ij ) is a local differential operator. It is not difficult to prove that B is a symplectic operator [5] . We observe that the system (9) is Lagrangian with respect to the action density (10) is Lagrangian too; this fact is characteristic of bi-Hamiltonian systems and was systematically investigated in [24] . The Lagrangian representation of the bi-Hamiltonian system (3) is the Lagrangian of the system (10), which is of the type
Now, we would like to prove one of the main results of this paper, ie the fact that the existence of a Lagrangian representation is equivalent to the triviality of A 2 as an infinitesimal deformation of
Let us recall the notion of Lie derivative for Hamiltonian operators. We denote the derivative coordinates u i x···x by u i σ , where the index σ is the order of the x-derivative. Given any vector function F = (F i ), i = 1, . . . , n we denote the linearization (or Fréchet derivative) of F and its formal adjoint, respectively acting on a generalized vector field τ = τ i ∂/∂u i and on a covector ψ = ψ j du j , where
The above definition extends also to matrix differential operators: if A(X) = A iσ j ∂ σ X j , then we have the differential operator in two arguments
where ψ is an arbitrary vector-valued density and [A 1 , τ ] is the Schouten bracket (see, for example, [5] ). It is known [5, Theorem 7.9 ] that, if A 1 and A 2 is a pair of compatible Hamiltonian operators where A 1 is invertible, then
is a symplectic operator. Moreover, if ψ is a potential of B in the variational sequence, i.e. e 1 (ψ) = B, then the vector field
This fact can be regarded as a direct consequence of a more general fact, namely, the vanishing of the Lichnerowicz-Poisson cohomology (which is defined by the differential d 1 = [A 1 , ·]) for first-order homogeneous operators. See [15, 3] , or [10, Lemma 2.4.20] for a more recent proof. See also [29] for a complete discussion about the problem of characterizing which operators of the form L τ A 1 are Hamiltonian.
There is a deep link between the Lagrangian representation, the symplectic form B and the fact that A 2 can be expressed as the Lie derivative of A 1 . Theorem 1. The systems (10) admit a Lagrangian L n ϕ n t k − h k+2 where ψ = −(L n ) is a potential of the symplectic form in the variational sequence: e 1 (ψ) = B. Moreover, we have
Proof. Any symplectic form admits a (local) potential ψ = −(L n ) with respect to the differential e 1 in the variational sequence [2, 5, 30] . This means in coordinates
Then, it is easy to prove that
so that L n ϕ n t k − h k+2 is the Lagrangian of (10). Let us recall that ℓ ψ = −∂L i /∂ϕ n σ ∂ σ . Then, eq. (14) can be rewritten as
in potential variables ϕ i x . Changing coordinates to u i yields the following changes of variables:
After multiplying (11) to the left and right by K we have, in coordinates
We would like to prove that A 2 = L τ A 1 . A natural candidate for τ is τ = Kψ: we have ℓ A 1 ,ψ (τ ) = 0 because A 1 has constant coefficients, and ℓ τ = Kℓ ψ , so that expanding the definition of the operator L τ A 1 by computing it on a covector field ξ we have:
The above Theorem has the following straightforward consequence.
Corollary 2. Finding the Lagrangian representation (12) of the integrable hierarchy (3) is equivalent to finding the generalized vector field τ such that
Remark 3. The vector function ψ = −(L n ) depends on derivatives of (ϕ i ) which are of the same order of those appearing in A 2 (in potential coordinates). This is due to the fact that the homotopy operator of the variational sequence does not change the order of derivatives. Theorems and conjectures about minimising the order in inverse problems of the calculus of variations are discussed in [30] .
Lagrangian representation for homogeneous biHamiltonian pairs
It is now clear that the explicit expression of τ also yields the Lagrangian representation of the given bi-Hamiltonian system of PDEs. Following [5, 3, 10] , τ can be computed through ψ, and ψ can be computed using the homotopy operator in the variational sequence. The vector field τ plays the role of the infinitesimal deformation in the perturbative approach of [10] . The approach works in the simplest examples like the KdV equation [3] ; however, if the range of examples is extended to even just slightly more complicated examples the homotopy operator approach is no longer effective. Indeed the integrand in the homotopy operator is singular for t = 0 in many examples (see Section 4). Such singularities are not removable by a shift: the shift operator does not bring total divergencies into total divergencies, hence shifting does not preserve the homotopy operator in the variational sequence (see [5, p. 65] ).
In this Section we propose an alternative approach to the computation of τ when A 2 is a homogeneous operator of Dubrovin-Novikov type [9] . The approach will be developed in details when A 2 is of the third order. Indeed, there is a huge family of examples of systems of PDEs which are bi-Hamiltonian with respect to a pair of homogeneous operators A 1 and A 2 , with A 1 of the first order and A 2 of the third order, see Section 4. However, our methods easily extend to homogeneous operators of arbitrary order.
Under the above hypotheses A 2 has the form
We assume that A 2 is non-degenerate, i.e. det g ij = 0. Operators of the above type can always be brought by a point transformation of the typẽ u =ũ(u) into the canonical form [1, 4, 27, 28]
Such operators have been recently studied and classified [12, 13] . Now we devote ourselves to finding the Lagrangian representation. First of all we observe that L n = L n (u k , u k x , u k xx , u k xxx ). Then, since homotopy operator in the variational sequence preserves homogeneity, the functions L n must be a homogeneous polynomials with respect to the derivative coordinates. We have another interesting property of each of the functions L n .
Lemma 4.
The components L n of the Lagrangian representation (12) are conservation law densities of the initial system (3).
Proof. We can start the recurrence relation (3) from H
Indeed, the expression A ij 2ψ j can be expanded using formula (17); we have
where 'higher order terms' are terms linear in ∂ σψj and
is the Euler-Lagrange expression. Using the above expression in the recurrence relation yields the proof.
The above Lemma does not help us in finding a representative of L n of minimal order (up to total divergencies). The minimisation of order in inverse problems of the Calculus of Variations is a mathematical area which is richer in conjectures than in results, see [30] for a review on these problems. However, in concrete examples homogeneity considerations on the recurrence relation tells us that L n can be a homogeneous polynomial of the derivative coordinates of degree not less than 2. Every homogeneous polynomial of degree 2 has the form L n = L 1 nmp u m x u p x + L 2 nm u n xx , but we prefer to rewrite L n as follows:
where
Indeed, examples show that we can actually find conservation law densities of the above form. Note that the n conservation law densities − 1 2 L nsm u s x u m x are not independent in general (see [14] ). We need the corresponding form of A 2 ; it can be obtained by a straightforward computation. 
Now we can prove the main result of this section. 
is a closed 3-form. In this case G kp and L smn can be uniquely determined while R kp is determined up to the differential of a 1-form.
Then we can plug in the above formula the expression of L n given in (20) . Keeping in mind the general expression of a homogeneous third-order operator (18) we have:
pn by comparing the leading coefficient, so that G hk is uniquely determined;
M jn by comparing the coefficient of u m xx in the coefficient of ∂ x , so that F pmn is uniquely determined.
The equation (22) can be rewritten as
If we interpret R pm as a 2-form, then the above equation is integrable as the right-hand side is a closed 3-form. As our considerations are local, we can solve the above equation (non-uniquely) by Poincaré's Lemma.
Corollary 7.
The matrix G ij in (20) is the leading term of the symplectic operator B.
Remark 8. In all our concrete examples (WDVV systems) the integrability requirement on the tensor T (23) is passed. We conjecture that this condition is a consequence of the fact that one can always obtain a minimal order potential ψ for any symplectic operator B. This conjecture goes along the lines of existing conjecture on minimal order Lagrangians for locally variational PDEs, see [30] and references therein.
Lagrangian representation of WDVV equations
The main examples of bi-Hamiltonian systems of the above type that we have in mind are the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations. The WDVV system arises in 2D topological field theory [6, 7] as the associativity condition of an algebra in an N -dimensional space. This system is an overdetermined system of third-order PDEs in one unknown function f . The form of the equations also depend on the choice of a nondegenerate scalar product η αβ on R N . The WDVV equations on an N -dimensional space can also be presented in the form of N − 2 hydrodynamic-type systems in N (N − 1)/2 components. Such systems are mutually commuting and non-diagonalizable (see [23] and references therein). In the first non-trivial case N = 3 it has been showed that for three distinct choices of η αβ such systems of PDEs are bi-Hamiltonian by a pair of local operators of the type (4) and (18) (see [11, 17, 18] ). The same has been proved more recently for two systems in the case N = 6 [26] .
In this section we will find the Lagrangian representation of the WDVV system from [11] . As a by-product we will find a structure formula for the third-order operator A 2 that has an independent interest.
Given a function F = F (t 1 , . . . , t N ) we assume that
is a constant nondegenerate symmetric matrix (η αβ will denote its inverse matrix); the WDVV equations are equivalent to the requirement that the functions
are the structure constants of an associative algebra. Then the associativity condition reads as
The integrability of the above equations was proved in [7] by giving a Lax pair for all values of N and η αβ . The Hamiltonian geometry of WDVV equations also attracted the interest of a number of researchers [11, 20, 23] . We will focus on [11] , where the case N = 3 was considered with η antidiagonal identity, i.e. η αβ = δ α+β,4 . In this case F is of the form t 3 ) , and the WDVV system consists of the single equation (after setting x = t 2 , t = t 3 )
The above equation is a third order Monge-Ampère equation (see [22] for recent results). Let us introduce the new variables
It was proved in [11] that the above system can be written as a Hamiltonian system in two ways:
with respect to two compatible local Hamiltonian operators A 1 and A 2 , with expressions
and Hamiltonian densities h 2 = c,
, respectively. The two Hamiltonian operators A 1 and A 2 are homogeneous (see [8, 9] and the Introduction for more details).
The observation that led to finding A 1 was that in the Lax pair of the system (30)
the eigenvalues u k (a) of the matrix that gives the x-evolution are conservation law densities. If the system is rewritten using the above eigenvalues as new dependent variables u k , i.e., using the point transformation
the operator A 1 becomes evident and is of the type A ij 1 = K ij ∂ x , where
and the Hamiltonian is H 1 = u 1 u 2 u 3 . In these new coordinates our system (30) takes the form
where i, j, k are three distinct indices. The operator A 2 for the system (30) was found in a completely different way. More precisely, a Lagrangian for the x-derivative of the WDVV equation (29) was found, and a symplectic representation of this equation was achieved in [11] . Then A 2 was found by inverting a corresponding symplectic form and multiplying it by A 1 . It is necessary to emphasize that the coordinates a, b, c (see (30) ) are Casimirs for A 2 , i.e. A 2 is in the canonical form (19) in these coordinates, and the inverse matrix of the leading term g ik is the Monge metric [12] 
At this point we would like to stress that flat coordinates u i of the first operator A 1 make the expression of the second operator A 2 much more complicated with respect to the initial coordinates a i , since the latter are Casimirs of A 2 . On the other hand, our structure formula (21) connects the operator A 2 with conservation law densities of our system, with the leading coefficient of the symplectic operator and with a newly introduced skew-symmetric tensor R mn , and all these quantities are computable in terms of flat coordinates of the first operator, thus leading to the Lagrangian representation (8) . This means that we have to change coordinates to the operator A 2 . To this aim we use the following formula:
The leading coefficient of A 2 is the following contravariant metric g ij (u)
where i, j, k are three pairwise distinct indexes. The corresponding covariant metric is
where i, j, k are three pairwise distinct indexes. The leading term G ij (u) of the symplectic operator is
where i, j, k are a triplet of distinct indices. Note that
and from G 11 > 0 (outside obvious singularities) it follows that the signature of the metric is (2, 1). It is also remarkable that the metric G ij has constant sectional curvature −1/16. The corresponding contravariant metric is
The expressions of L ijk = L ikj are:
1. when j = 1 and k = 1 or when j = k = 1
where (a, j, b), (c, d, k) are triplets of distinct indices with a < b, c < d;
2. when (1, j, k) are a triplet of distinct indices.
3. when i = 1 the expressions of L ijk are obtained by a cyclic permutation of the above expressions.
x coincide with the conserved quantities I 1 , I 2 , I 3 defined in the paper [11] : L n = I n .
Remark 10. There is a further conservation law density in the form u i L i ; however, this density is trivial as it is in the form of a total divergence.
The integrability condition is fulfilled in our case as T pmn is a completely skew-symmetric tensor, and by dimensional reasons. The single equation for R mn is
in the unknown functions R 23 , R 13 = −R 31 , R 12 of the coordinates u 1 , u 2 , u 3 . This equation can be regarded as an equation of the 
where i, j, k are distinct indices. It is possible to cross-check the above results by a direct calculation of the quantity L τ A 1 aimed at verifying that L τ A 1 = A 2 . This has been done using the correspondence between multivectors and superfunctions in [15, 16] and the corresponding Schouten bracket formula from [19] . The result was confirmed after 18 hours of computation with CDE, using 7.7GB of RAM, on the workstation sophus2 of the Department of Mathematics and Physics of the Università del Salento.
Conclusions
A bi-Hamiltonian structure for WDVV equation with different η αβ in the case N = 3 also has been considered. For instance, in [17] a different identification of the variables t 2 and t 3 as t and x leads to different WDVV equations and different bi-Hamiltonian formulations through local Dubrovin-Novikov operators. Moreover, in [18] another choice of constants in η αβ was investigated. Its third order operator of [18] lies in a different class with respect to the third order operator of [11] , with respect to the classification in [12] . Since in the above cases different choices of η can be connected by transformations of independent variables to the choice of the WDVV equation that we considered (29), we expect that the Lagrangian representation can be effectively achieved by the techniques exposed in this paper.
We stress that Hamiltonian operators for the N = 3 WDVV equation (29) in the original unknown f have been found in [20] . However, they are nonlocal and depend explicitly on independent variables and it is not clear (and a nontrivial problem) how to relate them to the operator in [11] .
When N = 4 in (26) and choosing η αβ to be the antidiagonal identity we obtain a system of equations in third-order derivatives of f that can be rewritten as two commuting hydrodynamic-type systems in 6 unknown functions. These systems have been recently proved to be bi-Hamiltonian [26] , and a Lagrangian representation have been computed with the above methods. However, its expression is more complicated and less 'regular' than the above expressions for N = 3. For this reason we did not decide to write down the expressions, even if we will make them available upon request. Here the dimension of the problem does not automatically imply the integrability condition dT = 0, and the fact that this condition holds is remarkable.
We stress that our methods might be carried out for an arbitrary homogeneous operator A 2 with no conceptual differences with the third-order case.
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